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Abstract. In terms of the telescoping method, a simple binomial sum is given. By
applying the derivative operators to the equation just mentioned, we establish several
general harmonic number identities including some known results.
1. Introduction
For n ∈ N0, define the harmonic numbers by
H0 = 0 and Hn =
n∑
k=1
1
k
when n = 1, 2, · · · .
There exist many elegant identities involving harmonic numbers. They can be found in
the papers [1]-[10].
For a function f(x, y), define respectively the derivative operators Dx and D
2
xy by
Dxf(x, y) =
∂
∂x
f(x, y)
∣∣∣∣
x=0
,
D2xyf(x, y) =
∂
∂y
{
∂
∂x
f(x, y)
}∣∣∣∣
x=y=0
.
Then it is not difficult to show the following two derivatives:
Dx
(
s+ x
t
)
=
(
s
t
)(
Hs −Hs−t
)
,
D2xy
(
s+x
t
)
(
u+y
v
) =
(
s
t
)
(
u
v
)(Hs −Hs−t)(Hu−v −Hu),
where s, t, u, v ∈ N0 with t ≤ s and v ≤ u.
For a complex sequence {τk}k∈Z, define the difference operator by
∇τk = τk − τk−1.
Then we have the following relation:
∇
(
x+k+1
k
)
(
y+k
k
) =
(
x+k
k
)
(
y+k
k
) x− y + 1
x+ 1
.
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Combining the last equation and the telescoping method:
n∑
k=1
∇τk = τn − τ0,
we obtain the simple binomial sum:
n∑
k=1
(
x+k
k
)
(
y+k
k
) =
(
x+n+1
n
)
(
y+n
n
) x+ 1
x− y + 1
−
x+ 1
x− y + 1
. (1)
By applying the derivative operators to (1), several general harmonic number identities
including some known results will be established in the next two sections.
2. Harmonic number identities
§2.1. Performing the replacement y → y + p for (1) with p ∈ N0, we have
n∑
k=1
(
x+k
k
)
(
y+p+k
k
) =
(
x+n+1
n
)
(
y+p+n
n
) x+ 1
x− y − p+ 1
−
x+ 1
x− y − p+ 1
.
Applying the derivative operator Dy to the last equation, we establish the theorem.
Theorem 1. For x ∈ C and p ∈ N0, there holds the harmonic number identity:
n∑
k=1
(
x+k
k
)
(
p+k
k
)Hp+k = x+ 1
x− p+ 1
{(x+n+1
n
)
(
p+n
n
)
(
Hp+n −
1
x− p+ 1
)
−Hp +
1
x− p+ 1
}
.
Letting x = p in Theorem 1, we achieve the following equation.
Corollary 2. For p ∈ N0, there holds the harmonic number identity:
n∑
k=1
Hp+k = (p+ n+ 1)Hp+n − (p+ 1)Hp − n.
When p = 0, Corollary 2 reduces to the known result (cf. [2, Equation (2.1)]):
n∑
k=1
Hk = (n+ 1)Hn − n.
Setting p = n and p = 2n in Corollary 2 respectively, we attain the two identities:
n∑
k=1
Hn+k = (2n+ 1)H2n − (n+ 1)Hn − n,
n∑
k=1
H2n+k = (3n+ 1)H3n − (2n+ 1)H2n − n.
Making x = p+ 1 in Theorem 1 and considering the relation:
n∑
k=1
p+ 1 + k
p+ 1
Hp+k =
n∑
k=1
(
1 +
k
p+ 1
)
Hp+k,
we get the following equation by using Corollary 2.
Corollary 3. For p ∈ N0, there holds the harmonic number identity:
n∑
k=1
kHp+k =
(n− p)(p+ n+ 1)
2
Hp+n +
p(p+ 1)
2
Hp −
n(n− 2p− 1)
4
.
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When p = 0, Corollary 3 reduces to the result due to Chen et al. [2, Equation (2.2)]:
n∑
k=1
kHk =
n(n+ 1)
2
Hn −
(n− 1)n
4
.
Taking p = n and p = 2n in Corollary 3 respectively, we gain the two identities:
n∑
k=1
kHn+k =
n(n+ 1)
2
(
Hn +
1
2
)
,
n∑
k=1
kH2n+k =
n(3n+ 1)
4
(1− 2H3n) + n(2n+ 1)H2n.
Letting x = p+ 2 in Theorem 1 and considering the relation:
n∑
k=1
(p+ 1 + k)(p+ 2 + k)
(p+ 1)(p+ 2)
Hp+k =
n∑
k=1
{
1 +
(2p+ 3)k
(p+ 1)(p+ 2)
+
k2
(p+ 1)(p+ 2)
}
Hp+k,
we achieve the following equation by using Corollaries 2 and 3.
Corollary 4. For p ∈ N0, there holds the harmonic number identity:
n∑
k=1
k2Hp+k =
(p+ n+ 1)(2n2 + n− 2pn+ p+ 2p2)
6
Hp+n
−
p(p+ 1)(2p+ 1)
6
Hp −
n(4n2 − 3n− 6pn+ 12p+ 12p2 − 1)
36
.
When p = 0, Corollary 4 reduces to the result due to Chen et al. [2, Equation (2.3)]:
n∑
k=1
k2Hk =
n(n+ 1)(2n+ 1)
6
Hn −
(n− 1)n(4n+ 1)
36
.
When p = n, Corollary 4 reduces to the known result (cf. [2, Equation (2.7)]):
n∑
k=1
k2Hn+k =
n(n+ 1)(2n+ 1)
6
(2H2n −Hn)−
n(n+ 1)(10n− 1)
36
.
We remark that Chyzak [4] and Schneider [8] proved the last equation by an extension
of Zeilberger’s algorithm and Karr’s algorithm respectively. Setting p = 2n in Corollary
4, we attain the identity:
n∑
k=1
k2H2n+k =
n(2n+ 1)(3n+ 1)
2
H3n
−
n(2n+ 1)(4n+ 1)
3
H2n −
n(40n2 + 21n− 1)
36
.
Choosing x = −n− 1 in Theorem 1, we recover the result due to Sofo [9, Corollary 1]:
n∑
k=1
(−1)k
(
n
k
)
Hp+k(
p+k
k
) = −n
p+ n
(
Hp +
1
p+ n
)
. (2)
Choosing x = −n in Theorem 1 and considering the relation:
n∑
k=1
(−1)k
(
n− 1
k
)
Hp+k(
p+k
k
) =
n∑
k=1
(−1)k
(
n
k
)(
1−
k
n
)
Hp+k(
p+k
k
) ,
we recover, by using (2), the result due to Sofo [9, Corollary 3]:
n∑
k=1
(−1)k
(
n
k
)
kHp+k(
p+k
k
) = n(n2 − n− p2)
(p+ n)2(p+ n− 1)2
−
pnHp
(p+ n)(p+ n− 1)
. (3)
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Choosing x = 1− n in Theorem 1 and considering the relation:
n∑
k=1
(−1)k
(
n− 2
k
)
Hp+k(
p+k
k
) =
n∑
k=1
(−1)k
(
n
k
){
1−
(2n− 1)k
n(n− 1)
+
k2
n(n− 1)
}
Hp+k(
p+k
k
) ,
we recover, by using (2) and (3), the result due to Chu[3, Corollary 1.8]:
n∑
k=1
(−1)k
(
n
k
)
k2Hp+k(
p+k
k
) = pn(n− p)Hp
(p+ n)(p+ n− 1)(p+ n− 2)
−
n3
(p+ n)2
+
n(n− 1)(2n− 1)
(p+ n− 1)2
−
n(n− 1)(n− 2)
(p+ n− 2)2
. (4)
The case p = 0 of (2), (3) and (4) read, respectively, as
n∑
k=1
(−1)k
(
n
k
)
Hk = −
1
n
where n > 0, (5)
n∑
k=1
(−1)k
(
n
k
)
kHk =
1
n− 1
where n > 1, (6)
n∑
k=1
(−1)k
(
n
k
)
k2Hk = −
n
(n− 1)(n− 2)
where n > 2. (7)
The last three identities are very beautiful. Subsequently, we shall display several equa-
tions which include also (5), (6) and (7).
Making x→ −x− n− 1, p→ 0 for Theorem 1, we get the following equation.
Corollary 5. For x ∈ C, there holds the harmonic number identity:
n∑
k=1
(−1)k
(
x+ n
k
)
Hk = (−1)
n
(
x+ n− 1
n
)(
Hn +
1
x+ n
)
−
1
x+ n
.
When x = 0, Corollary 5 reduces to (5) exactly. Taking x = n in Corollary 5, we gain
the identity:
n∑
k=1
(−1)k
(
2n
k
)
Hk = (−1)
n
(
2n− 1
n
)(
Hn +
1
2n
)
−
1
2n
where n > 0.
When x = − 12 −n, Corollary 5 reduces to the result due to Chen et al. [2, Example 2.3]:
n∑
k=1
(
2k
k
)
Hk
4k
= 2−
n+ 1
4n
(
2n+ 2
n+ 1
)
+
2n+ 1
4n
(
2n
n
)
Hn.
Letting x→ x− 1 for Corollary 5 and considering the relation:
n∑
k=1
(−1)k
(
x− 1 + n
k
)
Hk =
n∑
k=1
(−1)k
(
1−
k
x+ n
)(
x+ n
k
)
Hk,
we achieve the following equation by using Corollary 5.
Corollary 6. For x ∈ C, there holds the harmonic number identity:
n∑
k=1
(−1)k
(
x+ n
k
)
kHk =
(−1)nnx
x+ n− 1
(
x+ n
n
)
×
{
Hn +
n2 + (n− 1)(x− 1)
n(x+ n)(x+ n− 1)
}
+
1
x+ n− 1
.
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When x = 0, Corollary 6 reduces to (6) exactly. Setting x = n and x = − 12 − n in
Corollary 6 respectively, we attain the two identities:
n∑
k=1
(−1)k
(
2n
k
)
kHk =
(−1)nn2
2n− 1
(
2n
n
){
Hn +
2n2 − 2n+ 1
2n2(2n− 1)
}
+
1
2n− 1
,
n∑
k=1
(
2k
k
)
kHk
4k
=
2n+ 1
9
(
2n
n
)
4n
(3nHn − 2n+ 6)−
2
3
.
Making x→ x− 1 for Corollary 6 and considering the relation:
n∑
k=1
(−1)k
(
x− 1 + n
k
)
kHk =
n∑
k=1
(−1)k
(
k −
k2
x+ n
)(
x+ n
k
)
Hk,
we get the following equation by using Corollary 6.
Corollary 7. For x ∈ C, there holds the harmonic number identity:
n∑
k=1
(−1)k
(
x+ n
k
)
k2Hk = (−1)
n x(n
2 − n+ nx− 1)
(x+ n− 1)(x+ n− 2)
(
x+ n
n
)
×
{
nHn +
n(2x+ 2n− 3)
(x + n− 1)(x+ n− 2)
−
n2 + 2n− 1
n2 − n+ nx− 1
}
−
x+ n
(x+ n− 1)(x+ n− 2)
.
When x = 0, Corollary 7 reduces to (7) exactly. Taking x = n and x = − 12 − n in
Corollary 7 respectively, we gain the two identities:
n∑
k=1
(−1)k
(
2n
k
)
k2Hk = (−1)
nn
2(2n+ 1)
2(2n− 1)
(
2n
n
){
Hn +
4n3 − 8n2 + 5n− 2
2n(n− 1)(4n2 − 1)
}
−
n
(n− 1)(2n− 1)
where n > 1,
n∑
k=1
(
2k
k
)
k2Hk
4k
=
(2n+ 1)(3n+ 2)
15
(
2n
n
)
4n
(
nHn +
8n− 6
9n+ 6
−
2n
5
)
+
2
15
.
§2.2. Employing the substitutions x→ y + p, y → x for (1) with p ∈ N0, we have
n∑
k=1
(
y+p+k
k
)
(
x+k
k
) =
(
y+p+n+1
n
)
(
x+n
n
) y + p+ 1
y − x+ p+ 1
−
y + p+ 1
y − x+ p+ 1
.
Applying the derivative operator Dy to the last equation, we found the theorem.
Theorem 8. For y ∈ C and p ∈ N0, there holds the harmonic number identity:
n∑
k=1
(
p+k
k
)
(
x+k
k
)Hp+k = p+ 1
p− x+ 1
(
p+n+1
n
)
(
x+n
n
)
(
Hp+n+1 −
1
p− x+ 1
)
−
p+ 1
p− x+ 1
Hp +
x
(p− x+ 1)2
.
Of course, Corollaries 2-4 can also be implied by the theorem. Now, we shall derive other
several results, which correspond to Corollaries 5-7, from Theorem 8.
Letting x→ −x− n− 1, p→ 0 for Theorem 8, we achieve the following equation.
Corollary 9. For x ∈ C, there holds the harmonic number identity:
n∑
k=1
(−1)k(
x+n
k
)Hk = n+ 1
x+ n+ 2
(−1)n(
x+n
n
)
(
Hn+1 −
1
x+ n+ 2
)
−
x+ n+ 1
(x+ n+ 2)2
.
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When x = 0, Corollary 9 reduces to the interesting identity:
n∑
k=1
(−1)k(
n
k
) Hk = (−1)nn+ 1
n+ 2
(
Hn+1 −
1
n+ 2
)
−
n+ 1
(n+ 2)2
.
Setting x = n and x = − 12 − n in Corollary 9 respectively, we attain the two identities:
n∑
k=1
(−1)k(
2n
k
) Hk = (−1)n
4
(
2n
n
)
(
2Hn+1 −
1
n+ 1
)
−
2n+ 1
4(n+ 1)2
,
n∑
k=1
4k(
2k
k
)Hk = 2(n+ 1)
3
4n(
2n
n
)
(
Hn+1 −
2
3
)
−
2
9
.
Making x→ x+ 1 for Corollary 9 and considering the relation:
n∑
k=1
(−1)k(
x+n+1
k
)Hk =
n∑
k=1
(−1)k(
x+n
k
)
(
1−
k
x+ n+ 1
)
Hk,
we get the following equation by using Corollary 9.
Corollary 10. For x ∈ C, there holds the harmonic number identity:
n∑
k=1
(−1)k(
x+n
k
) kHk =
{
1 + x+ n(x+ n+ 3)
(x + n+ 2)(x+ n+ 3)
Hn+1 −
x+ n+ 1
(x+ n+ 2)2
+
x+ 1
(x+ n+ 3)2
}
×
(−1)n(
x+n
n
) (n+ 1)−
{
x+ n+ 1
(x+ n+ 2)2
−
x+ n+ 2
(x+ n+ 3)2
}
(x+ n+ 1).
When x = 0, Corollary 10 reduces to the interesting identity:
n∑
k=1
(−1)k(
n
k
) kHk =
{
Hn+1 +
n
n2 + 3n+ 1
−
2n+ 5 + (−1)n
(n+ 2)(n+ 3)
}
×
(n+ 1)(n2 + 3n+ 1)(−1)n
(n+ 2)(n+ 3)
.
Taking x = n and x = − 12 − n in Corollary 10 respectively, we gain the two identities:
n∑
k=1
(−1)k(
2n
k
) kHk =
{
Hn+1 +
n
2n2 + 4n+ 1
−
4n+ 5
(2n+ 2)(2n+ 3)
}
×
(−1)n(
2n
n
) 2n2 + 4n+ 1
4n+ 6
−
(2n+ 1)(4n2 + 6n+ 1)
(2n+ 2)2(2n+ 3)2
,
n∑
k=1
4k(
2k
k
) kHk = 2(n+ 1)(3n+ 1)
15
4n(
2n
n
)
(
Hn+1 −
2
9n+ 3
−
2
5
)
+
2
225
.
Letting x→ x+ 1 for Corollary 10 and considering the relation:
n∑
k=1
(−1)k(
x+n+1
k
) kHk =
n∑
k=1
(−1)k(
x+n
k
)
(
k −
k2
x+ n+ 1
)
Hk,
we achieve the following equation by using Corollary 10.
Corollary 11. For y ∈ C, there holds the harmonic number identity:
n∑
k=1
(−1)k(
x+n
k
) k2Hk = (n+ 1)(−1)n(x+n
n
) {αnHn+1 + βn}+ γn.
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where αn =
1
x+n+2 −
3n+6
x+n+3 +
n2+5n+6
x+n+4 ,
βn =
2x+2n+3
(x+n+2)2 −
7x+15+2n(x+n+5)
(x+n+3)2 +
5x+14+n(2x+n+8)
(x+n+4)2 ,
γn =
{
2x+2n+3
(x+n+2)2 −
5x+5n+12
(x+n+3)2 +
3x+3n+10
(x+n+4)2
}
(x+ n+ 1).
When x = 0, Corollary 10 reduces to the interesting identity:
n∑
k=1
(−1)k(
n
k
) k2Hk =
{
n(n3+7n2+14n+7)
(n+2)(n+3)(n+4) Hn+1 −
n6+14n5+77n4+208n3+279n2+160n+24
(n+2)2(n+3)2(n+4)2
}
× (n+ 1)(−1)n − (n+1)(n
4+5n3−n2−28n−24)
(n+2)2(n+3)2(n+4)2 .
Setting x = n and x = − 12 − n in Corollary 10 respectively, we attain the two identities:
n∑
k=1
(−1)k(
2n
k
) k2Hk =
{
n(n+2)(2n+1)
2(n+1)(2n+3)Hn+1 −
4n5+28n4+69n3+71n2+28n+3
4(n+1)2(n+2)(2n+3)2
}
×
(−1)n(
2n
n
) (n+ 1)− n(n+2)(8n3+8n2−8n−13)−64(n+1)2(n+2)2(2n+3)2 ,
n∑
k=1
4k(
2k
k
) k2Hk =
(
15n2+12n−1
210 Hn+1 −
225n2+432n+34
11025
)4n+1(
2n
n
) (n+ 1) + 34611025 .
3. Further harmonic number identities
§3.1. Performing the replacements x→ x+ p, y → y+ q for (1) with p, q ∈ N0, we have
n∑
k=1
(
x+p+k
k
)
(
y+q+k
k
) =
(
x+p+n+1
n
)
(
y+q+n
n
) x+ p+ 1
x− y + p− q + 1
−
x+ p+ 1
x− y + p− q + 1
.
Applying the derivative operator D2xy to the last equation and using Theorems 1 and 8,
we establish the theorem.
Theorem 12. For p, q ∈ N0, there holds the harmonic number identity:
n∑
k=1
(p+ k)!
(q + k)!
Hp+kHq+k =
{
(p− q + 1)Hp+n+1Hq+n−Hp+n+1−Hq+n +
2
p− q + 1
}
×
(p+ n+ 1)!
(q + n)!(p− q + 1)2
−
(p+ 1)!
q!(p− q + 1)2
×
{
(p− q + 1)Hp+1Hq −Hp+1 −Hq +
2
p− q + 1
}
.
Making q = p in Theorem 12 , we get the following equation.
Corollary 13. For p ∈ N0, there holds the harmonic number identity:
n∑
k=1
H2p+k = (p+ n+ 1)H
2
p+n − (2p+ 2n+ 1)Hp+n − (p+ 1)H
2
p + (2p+ 1)Hp + 2n.
When p = 0, Corollary 13 reduces to the known result (cf. [2, Equation (2.8)]):
n∑
k=1
H2k = (n+ 1)H
2
n − (2n+ 1)Hn + 2n.
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Taking p = n and p = 2n in Corollary 13 respectively, we gain the two identities:
n∑
k=1
H2n+k = (2n+ 1)H
2
2n − (4n+ 1)H2n − (n+ 1)H
2
n + (2n+ 1)Hn + 2n,
n∑
k=1
H22n+k = (3n+ 1)H
2
3n − (6n+ 1)H3n − (2n+ 1)H
2
2n + (4n+ 1)H2n + 2n.
Letting q = p− 1 in Theorem 12 and considering the relation:
n∑
k=1
(p+ k)Hp+kHp+k−1 =
n∑
k=1
(p+ k)H2p+k −
n∑
k=1
Hp+k,
we achieve the following equation by using Corollaries 2 and 13.
Corollary 14. For p ∈ N0, there holds the harmonic number identity:
n∑
k=1
kH2p+k =
(n− p)(n+ p+ 1)
2
H2p+n −
n2 − n− 1− p(2n+ 3p+ 3)
2
Hp+n
+
p(p+ 1)
2
H2p −
3p2 + 3p+ 1
2
Hp +
n(n− 6p− 3)
4
.
When p = 0, Corollary 14 reduces to the interesting identity:
n∑
k=1
kH2k =
n(n+ 1)
2
H2n −
n2 − n− 1
2
Hn +
n(n− 3)
4
.
Setting p = n and p = 2n in Corollary 14 respectively, we attain the two identities:
n∑
k=1
kH2n+k =
(2n+ 1)2
2
H2n +
n(n+ 1)
2
H2n −
3n2 + 3n+ 1
2
Hn −
n(5n+ 3)
4
,
n∑
k=1
kH22n+k = −
n(3n+ 1)
2
H23n +
15n2 + 7n+ 1
2
H3n + n(2n+ 1)H
2
2n
−
12n2 + 6n+ 1
2
H2n −
n(11n+ 3)
4
.
Making q = p− 2 in Theorem 12 and considering the relation:
n∑
k=1
(p+ k)(p+ k − 1)Hp+kHp+k−2 =
n∑
k=1
{p(p− 1) + (2p− 1)k + k2}H2p+k
−
n∑
k=1
{(2p− 1) + 2k}Hp+k,
we get the following equation by using Corollaries 2, 3, 13 and 14.
Corollary 15. For p ∈ N0, there holds the harmonic number identity:
n∑
k=1
k2H2p+k =
(p+n+1)(2n2+n−2pn+p+2p2)
6 H
2
p+n −
p(p+1)(2p+1)
6 H
2
p
− 4n
3
−3n2−6pn2−n+12pn+12p2n+3+17p+33p2+22p3
18 Hp+n
+ (2p+1)(11p
2+11p+3)
18 Hp +
n(8n2−15n−30pn+25+132p+132p2)
108 .
When p = 0, Corollary 15 reduces to the interesting identity:
n∑
k=1
k2H2k =
n(n+1)(2n+1)
6 H
2
n −
4n3−3n2−n+3
18 Hn +
n(8n2−15n+25)
108 .
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Taking p = n and p = 2n in Corollary 15 respectively, we gain the two identities:
n∑
k=1
k2H2n+k =
n(n+1)(2n+1)
3 H
2
2n −
32n3+42n2+16n+3
18 H2n −
n(n+1)(2n+1)
6 H
2
n
+ (2n+1)(11n
2+11n+3)
18 Hn +
n(110n2+117n+25)
108 ,
n∑
k=1
k2H22n+k =
n(2n+1)(3n+1)
2 H
2
3n −
72n3+51n2+11n+1
6 H3n −
n(2n+1)(4n+1)
3 H
2
2n
+ (4n+1)(44n
2+22n+3)
18 H2n +
n(476n2+249n+25)
108 .
§3.2. Employing the substitutions x→ −x−p−n− 1, y → y+ q for (1) with p, q ∈ N0,
we have
n∑
k=1
(−1)k
(
x+p+n
k
)
(
y+q+k
k
) = (−1)n
(
x+p+n−1
n
)
(
y+q+n
n
) x+ p+ n
x+ y + p+ q + n
−
x+ p+ n
x+ y + p+ q + n
.
Applying the derivative operator D2xy to the last equation and using Theorem 1, we found
the theorem.
Theorem 16. For p, q ∈ N0, there holds the harmonic number identity:
n∑
k=1
(−1)k
(
p+ q + n
q + k
)
Hp+n−kHq+k
=
{
HpHq+n +
Hp
p+ q + n
−
(q + n)Hq+n
p(p+ q + n)
+
p− q − n
p(p+ q + n)2
}
×
(
p+ q + n
p
)
(−1)np
p+ q + n
−
(
p+ q + n
q
)
p+ n
p+ q + n
×
{
Hp+nHq +
Hp+n
p+ q + n
−
qHq
(p+ n)(p+ q + n)
+
p− q + n
(p+ n)(p+ q + n)2
}
.
Letting q = 0 in Theorem 16 , we achieve the following equation.
Corollary 17. For p ∈ N0, there holds the harmonic number identity:
n∑
k=1
(−1)k
(
p+ n
k
)
HkHp+n−k = (−1)
n
(
p+ n− 1
n
)
×
{
HpHn +
Hp
p+ n
−
nHn
p(p+ n)
+
p− n
p(p+ n)2
}
−
1
p+ n
{
Hp+n +
1
p+ n
}
.
When p = 0, Corollary 17 reduces to the interesting identity:
n∑
k=1
(−1)k
(
n
k
)
HkHn−k =
(−1)n+1 − 1
n
(
Hn +
1
n
)
where n > 0.
Setting p = n in Corollary 17, we attain the identity:
n∑
k=1
(−1)k
(
2n
k
)
HkH2n−k = (−1)
n
(
2n− 1
n
)
H2n−
1
2n
(
H2n+
1
2n
)
where n > 0.
Making p→ p− 1 for Corollary 17 and considering the relation:
n∑
k=1
(−1)k
(
p+ n− 1
k
)
HkHp+n−1−k =
n∑
k=1
(−1)k
(
p+ n
k
)(
1−
k
p+ n
)
HkHp+n−k
−
1
p+ n
n∑
k=1
(−1)k
(
p+ n
k
)
Hk,
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we get the following equation by using Corollaries 5 and 17.
Corollary 18. For p ∈ N0, there holds the harmonic number identity:
n∑
k=1
(−1)k
(
p+ n
k
)
kHkHp+n−k =
1
p+n−1
{
Hp+n +
1
p+n−1
}
+ (−1)
npn
p+n−1
(
p+ n
n
)
×
{
HpHn +
n2+(p−1)(n−1)
n(p+n)(p+n−1)Hp −
n−1
p(p+n−1)Hn −
p+n−1
p(p+n)2 −
n−2pn+p−1
pn(p+n−1)2
}
.
When p = 0, Corollary 18 reduces to the interesting identity:
n∑
k=1
(−1)k
(
n
k
)
kHkHn−k =
1
n−1
(
Hn +
1
n−1
)
+ (−1)n n1−n
{
Hn +
n2−n+1
n2(n−1)
}
where n > 1.
Taking p = n in Corollary 18, we gain the identity:
n∑
k=1
(−1)k
(
2n
k
)
kHkH2n−k =
1
2n−1
(
H2n +
1
2n−1
)
+ (−1)n n
2
2n−1
(
2n
n
)
×
{
H2n +
Hn
2n2(2n−1) +
4n2−2n+1
4n3(2n−1)2
}
where n > 0.
Letting p→ p− 1 for Corollary 18 and considering the relation:
n∑
k=1
(−1)k
(
p+ n− 1
k
)
kHkHp+n−1−k =
n∑
k=1
(−1)k
(
p+ n
k
)(
k −
k2
p+ n
)
HkHp+n−k
−
1
p+ n
n∑
k=1
(−1)k
(
p+ n
k
)
kHk,
we achieve the following equation by using Corollaries 6 and 18.
Corollary 19. For p ∈ N0, there holds the harmonic number identity:
n∑
k=1
(−1)k
(
p+ n
k
)
k2HkHp+n−k = (−1)
n
(
p+ n
n
){
θnHnHp − λnHn − µnHp − νn
}
− εnHp+n − ηn,
where θn =
pn(n2+pn−n−1)
(p+n−1)(p+n−2) , λn =
n(n−1)
(p+n−1)2 +
n(n−1)(n−2)
(p+n−2)2 ,
µn =
p(n2+2n−1)
(p+n−1)(p+n−2) −
pn(2p+2n−3)(n2+pn−n−1)
(p+n−1)2(p+n−2)2 ,
νn =
2n2−4n+1
(p+n−1)2 +
2n(n−1)
(p+n−1)3 −
3n2−6n+2
(p+n−2)2 +
2n(n−1)(n−2)
(p+n−2)3 ,
εn =
p+n
(p+n−1)(p+n−2) , ηn =
(p+n)2−2
(p+n−1)2(p+n−2)2 .
When p = 0, Corollary 19 reduces to the interesting identity:
n∑
k=1
(−1)k
(
n
k
)
k2HkHn−k = (−1)
n
{
n+n2−n3
(n−1)(n−2)Hn −
n4−4n3+6n2−4n+2
(n−1)2(n−2)2
}
− n(n−1)(n−2)
{
Hn +
n2−2
n(n−1)(n−2)
}
where n > 2.
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Setting p = n in Corollary 19, we attain the identity:
n∑
k=1
(−1)k
( 2n
k
)
k2HkH2n−k = (−1)
n
( 2n
n
){
2n3+n2
4n−2 H
2
n +
n
(2n−1)2Hn +
4n2−2n+1
2(2n−1)3
}
− n(n−1)(2n−1)
{
H2n +
2n2−1
n(2n−1)(2n−2)
}
where n > 1.
§3.3. Performing the replacements x→ x+ q, y → −y−p−n−1 for (1) with p, q ∈ N0,
we have
n∑
k=1
(−1)k
(
x+q+k
k
)
(
y+p+n
k
) = (−1)n
(
x+q+n+1
n
)
(
y+p+n
n
) x+ q + 1
x+ y + p+ q + n+ 2
−
x+ q + 1
x+ y + p+ q + n+ 2
.
Applying the derivative operator D2xy to the last equation and using Theorem 8, we
establish the theorem.
Theorem 20. For p, q ∈ N0, there holds the harmonic number identity:
n∑
k=1
(−1)k(
p+q+n
q+k
)Hp+n−kHq+k
=
{
HpHq+n+1 −
Hp
p+ q + n+ 2
−
Hq+n+1
p+ q + n+ 2
+
2
(p+ q + n+ 2)2
}
×
(−1)n(
p+q+n
p
) q + n+ 1
p+ q + n+ 2
−
1(
p+q+n
q
) q + 1
p+ q + n+ 2
×
{
Hp+nHq+1 −
Hp+n
p+ q + n+ 2
−
Hq+1
p+ q + n+ 2
+
2
(p+ q + n+ 2)2
}
.
Making q = 0 in Theorem 20 , we get the equation.
Corollary 21. For p ∈ N0, there holds the harmonic number identity:
n∑
k=1
(−1)k(
p+n
k
)HkHp+n−k =
{
HpHn+1 −
Hp
p+ n+ 2
−
Hn+1
p+ n+ 2
+
2
(p+ n+ 2)2
}
×
(−1)n(
p+n
p
) n+ 1
p+ n+ 2
−
p+ n+ 1
(p+ n+ 2)2
{
Hp+n −
p+ n
(p+ n+ 1)(p+ n+ 2)
}
.
When p = 0, Corollary 21 reduces to the interesting identity:
n∑
k=1
(−1)k(
n
k
) HkHn−k = n+ 1
(n+ 2)2
{
2
n+ 2
−Hn+1
}
{1 + (−1)n}.
Taking p = n in Corollary 21, we gain the identity:
n∑
k=1
(−1)k(
2n
k
) HkH2n−k = (−1)n(2n
n
) H2n
2
−
2n+ 1
(2n+ 2)2
{
H2n −
n
(n+ 1)(2n+ 1)
}
.
Letting p→ p+ 1 for Corollary 21 and considering the relation:
n∑
k=1
(−1)k(
p+n+1
k
)HkHp+n+1−k =
n∑
k=1
(−1)k(
p+n
k
)
(
1−
k
p+ n+ 1
)
HkHp+n−k
+
1
p+ n+ 1
n∑
k=1
(−1)k(
p+n
k
)Hk,
we achieve the following equation by using Corollaries 9 and 21.
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Corollary 22. For p ∈ N0, there holds the harmonic number identity:
n∑
k=1
(−1)k(
p+n
k
) kHkHp+n−k = (−1)n n+1(p+n
n
)
{
AnHn+1Hp +BnHn+1 − CnHp +Dn
}
− EnHp+n+1 + Fn,
where An =
n2+3n+pn+p+1
(p+n+2)(p+n+3) , Bn =
1
(p+n+2)2 −
n+2
(p+n+3)2 ,
Cn =
p+n+1
(p+n+2)2 −
p+1
(p+n+3)2 , Dn =
p+n
(p+n+2)3 −
p−n−1
(p+n+3)3
En =
(p+n+1)2
(p+n+2)2 −
(p+n+1)(p+n+2)
(p+n+3)2 , Fn =
(p+n)(p+n+1)
(p+n+2)3 −
(p+n+1)2
(p+n+3)3 .
When p = 0, Corollary 22 reduces to the interesting identity:
n∑
k=1
(−1)k(
n
k
) kHkHn−k =
{
3n+5
(n+3)3 −
2n+2
(n+2)3
}{
1 + (−1)n (n
2+5n+7)(n3+3n2+2n+2)
n4+3n3−6n2−24n−14
}
− (n+1)(n
2+3n+1)
(n+2)2(n+3)2
{
1 + (−1)n n
3+5n2+6n−1
n2+3n+1
}
Hn.
Setting p = n in Corollary 22, we attain the identity:
n∑
k=1
(−1)k(
2n
k
) kHkH2n−k = (−1)n(2n
n
) { 2n2+4n+1
4n+6 H
2
n +
Hn
2(2n+3)2 +
4n2+10n+7
4(n+1)(2n+3)3
}
− (2n+1)(4n
2+6n+1)
4(2n2+5n+3)2 H2n −
2n+1
4(n+1)3 +
6n+5
(2n+3)3 .
Making p→ p+ 1 for Corollary 22 and considering the relation:
n∑
k=1
(−1)k(
p+n+1
k
)kHkHp+n+1−k =
n∑
k=1
(−1)k(
p+n
k
)
(
k −
k2
p+ n+ 1
)
HkHp+n−k
+
1
p+ n+ 1
n∑
k=1
(−1)k(
p+n
k
) kHk,
we get the following equation by using Corollaries 10 and 22.
Corollary 23. For p ∈ N0, there holds the harmonic number identity:
n∑
k=1
(−1)k(
p+n
k
) k2HkHp+n−k = (−1)n n+1(p+n
n
)
{
RnHn+1Hp − SnHn+1 − TnHp − Un
}
+ VnHp+n+1 −Wn,
where Rn =
1
p+n+2 −
3n+6
p+n+3 +
(n+2)(n+3)
p+n+4 ,
Sn =
1
(p+n+2)2 −
3n+6
(p+n+3)2 +
(n+2)(n+3)
(p+n+4)2 ,
Tn =
(p+n+1)2
(p+n+2)2 −
(p+1)(2p+2n+3)
(p+n+3)2 +
(p+1)(p+2)
(p+n+4)2 ,
Un =
2p+2n+2
(p+n+2)3 −
2n2+7n+2pn+7p+9
(p+n+3)3 +
3n+2pn+5p+8
(p+n+4)3
Vn =
{
2p+2n+3
(p+n+2)2 −
5p+5n+12
(p+n+3)2 +
3p+3n+10
(p+n+4)2
}
(p+ n+ 1),
Wn =
{
2p+2n+2
(p+n+2)3 −
5p+5n+9
(p+n+3)3 +
3p+3n+8
(p+n+4)3
}
(p+ n+ 1).
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When p = 0, Corollary 23 reduces to the interesting identity:
n∑
k=1
(−1)k(
n
k
) k2HkHn−k = (n+ 1)Hn+1
×
{(
2n+3
(n+2)2−
5n+12
(n+3)2 +
3n+10
(n+4)2
)
− (−1)n
(
1
(n+2)2−
3n+6
(n+3)2 +
n2+5n+6
(n+4)2
)}
−
{(
2n+2
(n+2)3−
5n+9
(n+3)3 +
3n+8
(n+4)3
)
+ (−1)n
(
2n+2
(n+2)3−
2n2+7n+9
(n+3)3 +
3n+8
(n+4)3
)}
(n+ 1).
Taking p = n in Corollary 23, we gain the identity:
n∑
k=1
(−1)k(
2n
k
) k2HkH2n−k = (−1)nn(2n
n
) {2n2+5n+2
4n+6 H
2
n +
Hn
(2n+3)2 +
4n2+10n+7
(2n+2)(2n+3)3
}
− (2n+1)(4n
4+10n3−n2−14n−6)
(n+1)2(2n+3)2(2n+4)2 H2n +
n(8n6+12n5−132n4−512n3−731n2−459n−103)
4(n+1)3(n+2)3(2n+3)3 .
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